CLASSIFICATION OF SOLVABLE LEIBNIZ ALGEBRAS WITH NATURALLY 
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Abstract. In this paper wc show that the method for describing solvable Lie algebras with given 
nilradical by means of non-nilpotent outer derivations of the nilradical is also applicable to the case 
of Leibniz algebras. Using this method we extend the classification of solvable Lie algebras with 
naturally graded filiform Lie algebra to the case of Leibniz algebras. Namely, the classification of 
solvable Leibniz algebras whose nilradical is a naturally graded filiform Leibniz algebra is obtained. 
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1. Introduction 

Leibniz algebras were introduced at the beginning of the 90s of the past century by J.-L. Loday in [5]. 
They are a "non-commutative" generahzation of Lie algebras. Leibniz algebras inherit an important 
property of Lie algebras which is that the right multiplication operator on an element of a Leibniz 
algebra is a derivation. Active investigations on Leibniz algebras theory show that many results of the 
theory of Lie algebras can be extended to Leibniz algebras. Of course, distinctive properties of non-Lie 
Leibniz algebras have also been studied [SJ |5] . 

In fact, for a Leibniz algebra we have the corresponding Lie algebra, which is the quotient algebra 
by the two-sided ideal / generated by the square elements of a Leibniz algebra. Notice that this ideal 
is the minimal one such that the quotient algebra is a Lie algebra and in the case of non-Lie Leibniz 
algebras it is always non trivial (moreover, it is abelian). 

From the theory of Lie algebras it is well known that the study of finite dimensional Lie algebras was 
reduced to the nilpotent ones [71 [5] ■ In Leibniz algebras case we have an analogue of Levi's theorem 
[B] . Namely, the decomposition of a Leibniz algebra into a semidirect sum of its solvable radical and a 
semisimple Lie algebra is obtained. The semisimple part can be described from simple Lie ideals and 
therefore, the main problem is to study the solvable radical, i.e. in a similar way as in the case of Lie 
algebras, the description of Leibniz algebras is reduced to the description of the solvable ones. The 
analysis of works devoted to the study of solvable Lie algebras (for example [J |31 [TTl [T31 [TS] , where 
solvable Lie algebras with various types of nilradical were studied, such as naturally graded filiform 
and quasi-filiform algebras, abelian, triangular, etc.) shows that we can also apply similar methods to 
solvable Leibniz algebras with a given nilradical. Some results of Lie algebras theory generalized to 
Leibniz algebras 0] allow to apply the technique of description of solvable extensions of nilpotent Lie 
algebras to the case of Leibniz algebras. 

The aim of the present paper is to classify solvable Leibniz algebras with naturally graded filiform 
nilradical. Thanks to the works [S] and [T3], we already have the classification of naturally graded 
filiform Leibniz algebras. 

In order to achieve our goal we organize the paper as follows: in Section [2] we give some necessary 
notions and preliminary results about Leibniz algebras and solvable Lie algebras with naturally graded 
filiform radical. Section |3] is devoted to the classification of solvable Leibniz algebras whose nilradical 
is a naturally graded filiform Lie algebra and in Section 2] we describe, up to isomorphisms, solvable 
Leibniz algebras whose nilradical is a naturally graded filiform non-Lie Leibniz algebra. 

Throughout the paper vector spaces and algebras are finite-dimensional over the field of the complex 
numbers. Moreover, in the table of multiplication of an algebra the omitted products are assumed to 
be zero and, if it is not noticed, we shall consider non-nilpotent solvable algebras. 

2. Preliminaries 

In this section we give necessary definitions and preliminary results. 
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Definition 2.1. An algebra {L, [— , — ]) over a field F is called a Leibniz algebra if for any x,y, z €i L 
the so-called Leibniz identity 

holds. 

From the Leibniz identity we conclude tliat tlie elements [a;, x], [x,y] + [y,x], for any x,y Cz L, lie 
in Ainir{L) — {x £ L \ [y,x] = 0, for all y e L}, the right annihilator of the Leibniz algebra L. 
Moreover, we also get that Annr{L) is a two-sided ideal of L. 

The two-sided ideal Center(i) = {x & L \ [x,y] —0 = [y,x], for aU y £ L} is said to be the center 
of L. 

Definition 2.2. A linear map d: L ^^ L of a Leibniz algebra (L, [— , — ]) is said to be a derivation if 
for all x,y £ L, the following condition holds: 

d{[x, y]) = [d{x), y] + [x, d{y)] . 

For a given element a; of a Leibniz algebra L, the right multiplication operators TZx : L ^- L, TZxiy) = 
[y,x],y e L, are derivations. This kind of derivations are said to be inner derivations. Any Leibniz 
algebra L has associated the algebra of right multiplications Tl{L) = {TZx \ x G L}. TZ{L) is endowed 
with a structure of Lie algebra by means of the bracket [T^.^; , TZy] = TZxT^y — Ti-yTi-x — T^[y,x\ ■ Moreover, 
there is an antisymmetric isomorphism between 7?,(L) and the quotient algebra L/ Annr(i). 

Definition 2.3. For a given Leibniz algebra (L, [—,—]) the sequences of two-sided ideals defined re- 
cursively as follows: 

L^ = L, i'^+i = [L^ L], fc > 1, iW = L, il'^+il = [iW, lW], s > 1. 

are said to be the lower central and the derived series of L, respectively. 

Definition 2.4. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n S N 
(m G N) such that L" — (respectively, lI™1 = 0). The minimal number n (respectively, m) with such 
property is said to be the index of nilpotency (respectively, of solvability) of the algebra L. 

Evidently, the index of nilpotency of an n-dimensional algebra is not greater than n + 1. 

Definition 2.5. An n-dimensional Leibniz algebra L is said to be null-filiform i/dimL* = n+l — i, 1 < 
i<n + l. 

Evidently, null-filiform Leibniz algebras have maximal index of nilpotency. 

Theorem 2.6 ([S]). An arbitrary n-dimensional null-filiform Leibniz algebra is isomorphic to the 
algebra 

NFn : [ci, ei] = e^+i, 1 <i <n-l, 
where {ei, 62, ... , e„} is a basis of the algebra NFn. 

Actually, a nilpotent Leibniz algebra is null-filiform if and only if it is one-generated algebra. Notice 
that this notion has no sense in Lie algebras case, because they are at least two-generated. 

Definition 2.7. An n-dimensional Leibniz algebra L is said to be filiform if diniL* = n — i, for 
2<i <n. 

Now let us define a naturally graduation for a filiform Leibniz algebra. 

Definition 2.8. Given a filiform Leibniz algebra L, put Li — L^ j L^'^^ , 1 < i < n — \, and gr(L) = 
Li (B L2 ® • ■ ■ ® Ln-i. Then [Li,Lj] C L^+j and we obtain the graded algebra gr(L). If gr(L) and L 
are isomorphic, then we say that an algebra L is naturally graded. 

Thanks to [14] it is well known that there are two types of naturally graded filiform Lie algebras. 
In fact, the second type will appear only in the case when the dimension of the algebra is even. 

Theorem 2.9 (114]). Any complex naturally graded filiform Lie algebra is isomorphic to one of the 
following non isomorphic algebras: 

nns ■ [ei, ei] = -[ei, e^] = e^+i, 2 <i <n-l. 



^2n • 



[ei, ei] = -[ei, ei] = ei+i, 2 < i < 2n - 2, 

[ej, e2„+i_i] = -[e2„+i--j, Ci] = (-1)' e2„, 2 < i < n. 
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In the following theorem we recall the classification of the naturally graded filiform non-Lie Leibniz 
algebras given in [S] . 

Theorem 2.10 ([5]). Any complex n- dimensional naturally graded filiform non-Lie Leibniz algebra is 
isomorphic to one of the following non isomorphic algebras: 

I [ei,ei] = Ci+i, 2 <i <n- 1, " | [ei,ei] = e^+i, 3<i<n-l. 

Definition 2.11. The maximal nilpotent ideal of a Leibniz algebra is said to be the nilradical of the 
algebra. 

Notice that the nilradical is not the radical in the sense of Kurosh, because the quotient Leibniz 
algebra by its nilradical may contain a nilpotent ideal (see [7]). 

All solvable Lie algebras whose nilradical is the naturally graded filiform Lie algebra n„ i are classi- 
fied in [12]. Further solvable Lie algebras whose nilradical is the naturally graded filiform Lie algebra 
Q2n are classified in [2]. 

Using the above classifications, we shall give the classification of solvable non-Lie Leibniz algebras 
whose nilradical is a naturally graded filiform Lie algebra. 

It is proved that the dimension of a solvable Lie algebra whose nilradical is isomorphic to an n- 
dimensional naturally graded filiform Lie algebra is not greater than n + 2. Below, we present their 
classification. 

In order to agree with the tables of multiplications of algebras in Theorems 12.91 and 12.101 we make 
the following change of basis in the classification of [K] : 

e- = e„+i_,;, l<i<n, x = -/. 

We also use different notation to denote the algebras that appear in [IT. That way the results would 
be: 

Theorem 2.12 ([H])- There are three types of solvable Lie algebras of dimension n+1 with nilradical 
isomorphic to n„_i, for any n > 4. The isomorphism classes in the basis {ei, . . . , e„, x} are represented 
by the following algebras: 

{[ei,ei]= -[ei,ei\= Ci+i, 2<i<n-l, 

[ei,x] = -[x,ei\ = ((i - 2)a + (3) a, 2<i <n, 
[ei,x\ = -[a;, ei] = aei . 

The mutually non-isomorphic algebras of this type are Sn+i^i{f3) — S'„+i(l,/3) and Sn+1,2 ~ 'S'n+i(0, 1). 

[ei,ei] = -[ei,ei] = e^+i, 2<i<n-l, 

Sn+i^z-i [e»,a;] = -[a:,ei] = (i- l)ei, 2 < i < n, 
[ei,x] = -[x,ei] = ei +62. 

{[ei,ei] = -[ei,ej] = e^+i, 2 < i < n - I, 

[ei,x\ = -[x,et\ = 6^+ 2_^ ai+i^iCi, 2 < i < n, 
l=i+2 

where the first non-vanishing parameter {03, . . . ,a„_i} can be assumed to be equal to 1. 

Theorem 2.13 ([H]). There exists only one class of solvable Lie algebras of dimension n + 2 with 
nilradical n„^i. It is represented by a basis {ei, 62, ... , e„, x, y} and the Lie brackets are 

ei,ei]= -[ei,ei]= Ci+i, 2 < i < n - I, 

[ei,x]= -[x,ei]^ {i-2)ei, 2 < i < n, 
[ei,x] = -[a;, ei] = ei, 

[e^,y] = -[y,ei]=e^, 2 < i < n. 

Now we recall the classification given in [2] after the following change of basis: 

e'i = -ei, a;' = -Yi, y' ^ -Y2 . 
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Proposition 2.14 ( 2 ). Any solvable Lie algebra of dimension 2n+l with nilradical isomorphic to 
Q2n 'is isomorphic to one of the following algebras: 

[ei,ei] = -[ei,e,,] = e,,+i, 

[ei,e2n+l-i] = — [e2n+l-i, Gi] = (— l)'e2„, 

i{a) : { [ei,x] = -[x, ei] = ei, 

[e.i,x] = -[x,ei] = [i- 2 + a)ei, 
[e2n, x] = -[x, e2„] = (2n - 3 - 2a) e2„ 



Q2 



2 < i < 2n-2, 
2<i<n, 

2 < i < 2n - I, 



Q 



2n+l,2 



[ei,ei] = -[ei,ej] = e^+i, 2 < z < 2ri - 2, 

,e2n+i-i\ ^ -[e2n+i-i,ei] = (-l)*e2„, 2 < i < n, 

[ei,x] = -[a;,ei] = ei +ee2„, £ = 0,1, 

[ei,x] = -[a;, ej] = (i - n)ej, 2 < i < 2n - 1, 
[e2n,x] = -[x, e2„] = e2„ . 



Q2n+l,3{oi) 



[ei,ei\ = -[ei,eij = e,+i, 
[ei,e2„+i-i] = — [e2„+i_i, Gi] = ( — l)*e2n 

x] = -[x, e2+i\ = e2+i + ^ 

fc=2 



[e2^ 



,2fc+l 



e2fc+i+j, 



[e2„_i,a;] = -[a;,e2„-i] = e2„- 
[e2n,x] = -[a;,e2n] = 2e2„ . 



2 < i < 2n - 2, 
2 < i < n, 

< i < 2n-6, 
z = 1,2,3, 



Proposition 2.15 ([2 ). For any n > 3 there is only one (2n + 2) -dimensional solvable Lie algebra 
having a nilradical isomorphic to Q2n-' 



[ei,eij 

[Si, e2n+l-i] 

[e^, x\ 

[e2n,x] 



[ei,ei 



=1+1, 



[e2n+i-i,e,] = (-l)*e2„, 
[a;, 62,1] = (2n + 1) e2„. 



2 < i < 2n 
2<i<n, 
l<i<2n 



1, 



[e-2n,y] = -[y,e2n] = 2 62,, 



1 < j < 2n- 1, 



Let _R be a solvable Leibniz algebra with nilradical N . We denote by Q the complementary vector 
space of the nilradical N to the algebra R. Let us consider the restrictions to N of the right multi- 
plication operator on an element x ^ Q (denoted by TZ^s )■ If the operator TZr^\ is nilpotent, then 
we assert that the subspace {x + N) is a nilpotent ideal of the algebra R. Indeed, since for a solvable 
Leibniz algebra R we get the inclusion R? Q N [4 , and hence the subspace {x + N) is an ideal. The 
nilpotency of this ideal follows from the Engel's theorem for Leibniz algebras [4j. Therefore, we have 
a nilpotent ideal which strictly contains the nilradical, which is in contradiction with the maximality 
of N . Thus, we obtain that for any x G Q, the operator Tlx\ is a non-nilpotent derivation of N. 

Let {xi, . . . , x,n} be a basis of Q, then for any scalars {ai, . . . , a„i} G C\ {0}, the matrix aiTZ^il + 
• • • + amTlxrril is not nilpotent, which means that the elements {xi, . . . , Xm} are nil-independent [lOj . 
Therefore, we have that the dimension of Q is bounded by the maximal number of nil-independent 
derivations of the nilradical N. Moreover, similarly to the case of Lie algebras, for a solvable Leibniz 
algebra R the inequality dimA^ > ^isJi holds. 



3. SOLVABLE Leibniz algebras whose nilradical is a Lie algebra 

It is not difficult to see that if i? is a solvable non-Lie Leibniz algebra with nilradical isomorphic to 
the algebras n„_i or Q2m then the dimension of i? is also not greater than n + 2 and 2n-|-2, respectively. 

Let n„^i or Q2n be the nilradical of a solvable Leibniz algebra R. Since the ideal L = {{[x,x] \ x G R}) 
is contained in Aruir{R), then / is abelian, hence it is contained in the nilradical. Taking into account 
the multiplication in n„^i (respectively Q2n) we conclude that / ~ ({e„}). 
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Having in mind that an {n + l)-dimensional algebra R is solvable, then the quotient algebra R/I 
is also a solvable Lie algebra with nilradical n„,i (whose lists of tables of multiplication are given in 
Theorems [232] and [US]) . 

Case n„ 1. Let us assume that R has dimension n + 1, then the table of multiplication in R will 
be equal to the table of multiplication of S'„+i,i, {i — 1, 2,3,4), except the following products: 

[ei,x] = aiei +74e„, [e2,x] = /3ie2 + 75e„, 

[x, ei] = -aiei + 71 e„, [x, 62] = -^62 + 72e„, 

where {71 +74,72 + 75,73} 7^ {0,0,0}. 
Note that taking the change of basis 



[x,x\ =73e„, 



/ 



ai ei + 74 e^ 



f^l 62 + 75 Cr; 



we can assume that 74 = 75 = 0, i.e., [ei,x] — aei and [e2, x] — /3i 62. 

It is not difficult to see that, for the omitted products, the antisymmetric identity holds, i.e. 

J [ej,ei] = -[ei,ei] = e^+i, 2<i<n-l, 
I [ei,x]^ -[x,ei], 3<i<n. 

We have [e„, x] = because = [x, e„] = — [e„, x]. 
Consider 

= [x,en] = [a;, [e„_i,ei]] = [[a:,e„_i], ei] - [[x, ei], e„_i] = -(n- 2 + /3) e„ . 

In the list of Theorem 12.121 onlv the algebra Sn+i,i{(3) is representative of the class for which the 
equality [e„, x] = holds. This class is defined hy /3 — 2 — n. 

Therefore, in the case of dimi? = n + 1 whose nilradical is n„_i, we have the following family: 



' [ei,ei] 


= ~[ei,ei] = a+i, 


2 < i < n - 


-1 


[ei,x] 


= ei. 






[x,ei] 


= -ei +7ie„. 






[62, x] 


= (2-n)e2, 






[x, 62] 


= (n- 2) 62 + 72e„, 






[6i, X\ 


= — [a;,ei] = (« — ?^)ei, 


3 <i <n- 


-1 


[ [x, x] 


= 73e„. 







-Rn+i,i(7i,72,73) : < 



where (71,72,73) 7^ (0,0,0). 

Applying a similar argument and the table of multiplication of the algebra in Theorem 12.131 we 
conclude that solvable non-Lie Leibniz algebras of dimension n + 2 with nilradical n„,i do not exist. 

Theorem 3.1. Any (n + 1) -dimensional solvable Leibniz algebra with nilradical nn,i is isomorphic to 
one of the following pairwise non isomorphic algebras: 

i?„+i,i(0,0,l), i?„+i,i(0,l,0), i?„+i,i(l,l,0), i?„+i,i(l,0,0). 
Proof. We consider the general change of basis in the family -Rn+i,i(7ii727 73): 

n n n 

ei = ^A, gj, eJj^^-B^ej, x' = D x + '^Cie^, 

■i— 1 2—1 i— 1 

where {A1B2 - BiA2)D ^ 0. 

Using [e^,ei] = e^^^, 2 < i < n—1, the table of multiplication of i?„_|-i_i(7i,72,73) and an induction, 
we obtain 



e^ = ^r"^ J2^AlBJ+2-^ - BlA,+2-^) Cj , 3<i< 



3=1 

From the equalities 

n 

= [e^,, e'2] = Bi ^(^iBj_2 - SiAj_2) ej 

we have Bi = 0. 

Consider the multiplications 
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[e'l, x'] = AiD ei-D"^A^in^i)e, + ^(Ai_iCi - AiC,_i) Ci 

i=2 1=3 

= AiDei - A2D{n - 2) 63 + ^ (^»-iCi - AiQ-i - {n - i)A,D) a 

i=3 

+ (An-iC\ - AiCn-i) en- 

On the other hand 

n 

[g]^, X J = e-^ = / ^ j4i e^. 

i=l 

Comparing the coefficients of the basic elements we derive: 

D^l, A2-O, ^,+1 = ^il^l-— li^, 2<t<n-2, An = AiCn-i - An-iCn . 

I — n — 1 

From the equahties 

n n n 

-{n- 2)^i?iei = - (n - 2)e2 = [e'jjx'] = [^ Biei,x + ^ CjcJ 

1=2 i=2 i=l 

n— 1 n 

= - ^ i?i(n - i)ei + Ci ^ -Bi-iBi 

i=2 i=3 

n-1 

= - B2(n - 2)62 + Yl (Bt-iCi -B,{n- i))e, + B„_iCie„ , 

i=3 

we deduce the following restrictions: 

r> f^i — 2 

(i-2)! 
In an analogous way, comparing coefficients at the basic element e„ in the equalities, we obtain: 
i-^A'l-'^B^ e„ - 73 e^ = W , x'] ^ (73 + C171 + C272) e„ 
and so 

, _ 73 + ^"171 + ^^272 

^^ ' A--^B2 • 

With a similar argument, 

-e'l + A'l-'^B2l[ e„ == -e'^ + 7^ 4 = [2;', e'l] = -e[ + ^171 e„. 
and 

-{n - 2) ef, + ^r'S272 e« = (« - 2) e'^ + 72 <. = W, 4] = (« - 2) ej, + B272 e„ 

we obtain 

/ 7i , , 72 
7i = 5 — and 7, = ^. 

Now we shall consider the possible cases of the parameters {71,72,73}- 

Case 1. Let 71 = 0. Then 7^ = 0. 

If 72 — 0, then 72 = and 73 = 2'1 7^ 0. Putting B2 — 1i^ , then we have that 73 — 1, so the 

algebra is i?„+i^i(0, 0, 1). 

If 72 7^ 0, then putting Ai = ""^/tJ and C2 = — — , we get 72 = 1 and 73 = 0, i.e. we obtain the 



algebra i?„+i,i(0, 1, 0). 



Tl .JTnrl n, — _73+C272 



Case 2. Let 71 7^ 0. Then putting B2 = -^ and Ci = - ^"^^7^% we have: 

7l = l, 72 = ^7132, 73=0. 

If 72 7^ 0, then putting Ai ~ "^y/li we have that 73 = 1, so we obtain the algebra i?„+i,i(l, 1, 0). 
If 72 = 0, then we get the algebra i?„+i4(l, 0, 0). D 
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Case Q2n- Similarly as above, from Propositions 12. l41 and [^TT51 we conclude that solvable non-Lie 
Leibniz algebras with nilradical Q2n exist only in the case of dim R = 2n+1 and they are isomorphic 
2"-3 Thus, we have 



to Q2n+is{a) for a — ^ 



-R2n+l,l : ' 



[Si, e2n+l-i 

[x, ei 

[62, a;' 

[x,e2 

[6i , X 

[x,x 



-[ei,ej] = e^+i, 2 < i < 2n - 2, 

-~[e2n+i-i, Si] ^ {-ly 62,1, 2<i<n, 

ei, 

-ei -l-7ie„, 

2n-3 

62, 



2 
2n-3 



2 

-[x,ei] 

73 6„, 



■62 +72e„, 
2n -I- 2j - 7 



3 < i < 2n- 1, 



where (71,72,73) 7^ (0,0,0). 



Theorem 3.2. Any (2n + 1) -dimensional solvable Leibniz algebra with nilradical Q2n is isomorphic 
to one of the following pairwise non isomorphic algebras: 

i?2n+l,l(0,0,l), i?2n+l,l (0,1,0), i?2„+14 (1, 1, 0) , i?2„+14 (1, 0, 0). 

Proof. The proof is carried out by applying similar arguments as in the proof of Theorem 13.11 D 



4. SOLVABLE Leibniz algebras whose nilradical is a non-Lie Leibniz algebra 
In the following proposition we describe derivations of the algebra F^ . 
Proposition 4.1. Any derivation of the algebra F^ has the following matrix form: 



(a\ OL2 cfi a4 

ai + a2 ck3 a^ 

2ai + ot2 o-z 

3qi + a2 



\0 

Proof. Let d be a derivation of the algebra. We set 



an-i 

an-1 
an-2 

a„-3 



an-2 



From the equality 

we get /3i = 0. 
Further we have 



{n ~ l)ai + a2/ 

n 

d{ei) ^'^aiCi, d{e2) ^^PiCi. 

i=l i=l 

= d{[ei,e2]) = [d{ei),e2] + [6i,d(e2)] = /3i 63 



n-l 



d(e3) = d{[ei,ei]) = [d(ei), ei] + [ei, d(ei)] = (2ai -I- a2) 63 -f ^ a^ e^+i. 

4=3 

On the other hand 

n-l 

dies) = d{[e2, 61]) = [^(62), ei] -I- [e2, d{ei)] = (ai 4- /32) 63 + ^ ft 6i+i. 

1=3 

Therefore, ft = ai + a2, ft = a^, 3 < i < n — 1. 

With similar arguments applied on the products [ci, ei] — e^+i and with an induction on i, it is easy 
to check that the following identities hold for 3 < i < n: 

n 

d{et) ^ {{i - l)ai + 02) ei + ^ aj_i+2 6j, 3<i<n. 

j=i+i 

n 
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From Proposition 14.11 we conclude that the number of nil-independent outer derivations of the 
algebra F^ is equal to two. Therefore, by arguments after Proposition 12.151 we have that any solvable 
Leibniz algebra whose nilradical is F^ has dimension either n + 1 or n + 2. 

4.1. Solvable Leibniz algebras with nilradical F^. 

Below we present the description of such Leibniz algebras when dimension is equal to n + 1. 

Theorem 4.2. An arbitrary (n + 1)- dimensional solvable Leibniz algebra with nilradical i^^ is isomor- 
phic to one of the following pairwise non-isomorphic algebras: 

[ei,ei]=e3, [e^, ei] = e^+i, 2<i<n-l, 

Ri{a) : { [ei,x]^-ei, [e2, a;] = -62 + ae„, a e {0, 1} 
[x, ei] = ei, [ci, x] = —{i — 1) e^, 3 < J < n . 



i?2(a4, ■ • ■ ,an-i,a) : < 



[ei,eij = 63, [ei,ei\ = e^+i, 

n — 1 n — 1 

[ei,x] = 62 + 2_,<^iei +ae„, [e2,x] = 62 + 7^ at Cj 



2<i <n~l, 



[ei, x] = Ci + ^ aj-i+2 ej, 3 <i <n. 

j=i+2 

'[ei,ei]=e3, [e^, ei] = ei+i, 2 <i<n-l, 

n — 1 n — 1 

[ei,a;] = 62 + ^aiei, [62,0;] = 62 + ^ a^ 6i + 6„, 
-R3(a4, . . . ,a„_i) : ^ j^4 j^4 

n 

[6i,a;] = 6i + 2. <^j-i+2 Sj, 3 < i < n. 

j=i+2 

Moreover, the first non-vanishing parameter {04, . . . , a„^i} in the algebras i?2(Q!4, . . . , Q^n-i, et) and 
i?3(Q;4, . . . ,a„_i) can &e scaled to 1. 

Proof. From Theorem 12.101 and arguments after Proposition 12.151 we know that there exists a basis 
{ei, 62, . . . , 6„, x} such that the multiplication table of the algebra F}^ is completed with the products 
coming from TZx\ ^ (6^), !<«<«., i.e. 

n n — 1 

[ei,x\ = ^ a* ej, [62, x] = {ax + 02) 62 + ^ a^ e^ + /3 6„, 

i— 1 i— 3 

n 

[6i,a;] = ((« - l)ai + ^2) e^ + ^ Q!j_i+2ej, 3<z<n. 
Finally, we consider the remainder products as follows: 



[a;,ei] = ^/3jej, [x, 62] = ^7^ e^, {x,x\ ^ y^J^e^. 

z— 1 i=l z=l 

From the chain of equalities 

n 

0= [a;,e3] = [x, [62,61]] = [[a;,e2],6i] - [[a;,ei],62] = [[x, 62],ei] = (71 +72)63 + ^71-161 



i=4 



we conclude that 72 = ~7i, 7i = 0, 3 < i < n — 1. 

Since 7163 = [ei,[a::, 62]] = [[ei,a;],e2] - [[6i,e2],a;] = 0, then 71 = 0. 
The identity 

[ei,[a;,ei]] = [[ei,a;],ei] - [[ei,6i],a;] 

implies /3i = —a\. 

Applying the Leibniz identity to the elements of the form {x, a;, 62} and \x, 62, a;}, we conclude that: 

J ((n- l)ai +a2)7« = 0, 
1 (n-2)ai7„ = 0. 
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Note that 7„ = (otherwise ai =02 =0 and then we get a contradiction with the non-nilpotency 
of the derivation D (see Proposition 14. ip ). 

Now we are going to discuss the possible cases of the parameters ai and a2- 
Case 1. Let ai ^ 0. Then taking the following change of basis: 






1 1 1 

x' = X, e[ = ei y^ BiCi, e- = ((-"i +^2)6^ + V" /3j_i+2ej), 2 < i < n, 

Oil Oil „ c^i ■ ,-, 

2 — 2 j — i+1 

we obtain 

n 

[ei,ei]=e3, [ei, a;] = ^//^ e^, [e^, ei] = Ci+i, 2<i<n-l, 

n n 

[a;,ei]=ei, [e2 , a;] = ^ 77^ e^ , [a;, e2] = 0, [x, x] = y^ ( 

From the equalities 

n 

= [[61,62], a;] = [61, [62, a;]] + [[61, a;], 62] = [61,^77^6^] = 77163 we have 771 = . 

i=l 

Consider 

[63, a;] = [[ei,6i],a;] = [61, [ei,a;]] + [[6i,a;], 61] 

n— 1 n—l 

= /il 63 + (^1 + ^2) 63 + X! ^» ^»+l ^ (^^^1 + ^2) 63 + ^ /^j 6^+1 . 

2—3 2—3 

On the other hand 

n — 1 n— 1 

[63, x] = [[e2,6i],a:] = [e2, [ei,a:]] + [[62,a:],6i] = A^i 63 + 772 63 + ^ 77^ e^+i = (/ii +7^2) 63 + y^ 7;, 6^+1. 

2 — 3 2=3 

The comparison of both linear combinations implies that: 

m = A^i + M2, m = M2, 3 < 7 < 77 - 1, 

that it is to say: 

n — 1 n — 1 

[e2,a;] = (^1 +/i2)e2 + ^^i6i +77„6„ and [63, a:] = (2^i + /i2) 63 + ^ /i^ 6^+1. 

i— 3 i— 3 

Now we shall prove the following equalities by an induction on i: 

n 

[6i,a;] = ((7- l)/ii +^2) 6; + ^ ^j_i+2ej, 3 < i < n. (1) 

j=i+i 

Obviously, the equality holds for 7 = 3. Let us assume that the equality holds for 3 < 7 < 7?., and we 
prove it for i + 1: 

[6i+i,a:] = [[6i,6i],a;] = [6j,[6i,a:]] + [[6i,a;],6i] 

n n 

= ^1 6i+i + ((7 - 1)^1 + ^^2) 6i+i + ^ ^j_i+i6j = (7/ii +^2)6^+1 + ^ ^j_i+i 6j ; 

j=2+2 j=i+2 

SO the induction proves the equalities ([1]) for any 7, 3 < 7 < 77. 

Applying the Leibniz identity to the elements {ei,a;,ei}, {61, a:, a:}, {a:, 61, a:}, we deduce that: 

^i=-l, /12 = 6*1 = 0, di^^ii+i, 2 <i <n~l. 
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Below we summarize the table of multiplication of the algebra 

' [ei,ei] = 63 [ei,ei] = e^+i, 



2 < z < n- 1, 



[ei,x] = -ei +y^^^ii 



i=3 



[e2, a;] = -62 + ^ Mi ^i + ??„ e„, 

i=3 

n 

[x, ei] = ei, [ei,x] = -(i - l)ei + ^ Mj_i+2 Cj, 3 < i < n, 

i=i+l 
n-l 

[x, a;] = ^ yUj+i Ci + 6l„ e„. 
Let us take the change of basis in the following form: 

n n n n— 1 

ei=ei + ^Ajei, e2 = e2 + ^Ajei, e^ = ej+ ^ ylj_i+2ej, 3 < i < n, a;' = ^ Aj+ie, + i?e„ + a:;. 



i=3 



i=3 



j=i+l 



i=2 



where 



A3 = A*3, ^i 



(z-2) 



4 — 1 . n 

y^ Ajiii-j+2] , 4 < i < n and B = _ ( ^n + ^ Aj^n-j+3 



j=3 



j=3 



Then 



[x',e;] 



[e'i,x'] 



rt — 1 Ti 

y^ Ai+iCi + i3e„ + x, eJ = ei + ^ ^iCj = e'^, 

i=2 i=3 

[ei,x] +^^i[ei,a;] = -ei + ^,(ijej + ^^i ( - (z - l)ei + ^ fij-i+2ej 



i=3 



i— 3 2—3 



i=i+l 



i—3 i—3 2—3 2—3 J— «+l 

n n n n i—1 

-ei -^yliGj + ^Mjei - ^^i(i - 2)6^ + ^ ( y^ Aj-M»-j+2 )e» 



i=3 



i—3 i—3 



i=4 j=3 



= -ei - ^ ^iCj + {^3 - ^3)63 + X! ( ^ "^^^^ - 2) + /ii + ^ AjMi_j+2 le^ 

i=3 i=4 j=3 

n 

= -ei - 2J AiC^ = -e'l 

i=3 

n n— 1 n n 

= [e2,a;] +^ A4ei,x] = -62 + ^A^iCj + ?7„e„ + ^ Aj f - (i - l)ej + ^ Mj-j+2 ' 

2—3 «— 3 «— 3 ji'— i+1 

n n—1 n n n 

y^ -4iej + ^ yUje^ + 77„e„ - ^ yli(z - 2)ej + X! "^M X! A*j-i+2 Cj) 

z— 3 2—3 2=3 2=3 j—i-\-l 

n n—1 n n i—1 

y^ ^^ej + ^ ^jBi + ?7„e„ - y^ ^i (i - 2)ej + y^ f y^ ^j A*i-j 



-62 



i=3 



i=3 



i=3 



j+2 Si 



n-l 



i=4 j=3 

i-1 

= -62 - y^ Aie^ + (,U3 - ^3)63 + y^ (- Ai{i - 2) + fii + '^ Ajfii^j+2 } Si 

i=3 i=4 j=3 

n-l 
, Vn - (n - 2)A„ + y^ Ai^In-i+2] 6n = -63 + 7]' 6^, 
i=3 
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c',a;'] = ^Ai+i[ei,x] +i?[e„,x] + [x,x] 



i=2 
n-1 



y^ Ai+1 (~{i~ l)ei + ^ fij-i+2ej] - B{n - l)e„ + ^ /ij+ie^ + 6'„e„ 

i=2 j=i+l i=2 



n-1 



y^ ^j+i(« - l)ei + ^ fii+iCi - B{n - l)e„ + 6'„e„ + ^ A^+i i ^ fJ.j-i+2ej 

1=2 j=i+l 



i=2 
n-1 



i=2 
n-1 



n I 



= -^ Ai+i(i- l)e., + ^^i+iCj - S(n- l)e„ + 6'„e„ + ^ ( ^ ylj/i,j_j+3J ei 

i=2 i=2 

n — 1 i 

= ip3 - ^3)62 + X! ( ^ A+i{i - 1) + M-*+i + Yl ^J'•''-J^ 



j=3 j=3 
1+3) Gi 



j=3 



J=3 



S(n ~l) + 0n + Y^ Ajfin-j+3) e„ = . 
i=3 

With a similar induction as the given for equations ([1]) , it is easy to check that the following equalities 
hold: 

[ei,x] = -(i - 1) Cj, 3 < i < n. 

Thus, we obtain the following table of multiplication: 

[ei,ei]=e3, [e^, ei] == e^+i, 2 < i < n - 1, 

[ei,x]=-ei, [e2,a;] = -62 + ?7e„, 
[a;,ei]=ei, [ej,a;] = -(i - 1)6^, 3 < i < n. 

Now we take the general change of basis in the following form: 



Ci — / ^ AiCi, 



i = A\~^i^{Ai+A2)e,+ J2 ^1-^+2 ej), 2<i< 

j=-i+i 



(2) 



c' = ^Sjei + Bn+ii 



where Ai(Ai + A2)Bn+i ¥= . 



Then from the equalities 



^ A,e, = e'l = [x',e[] = AiB„+iei + Ai{Bi + ^2)63 + Ai {J^^i^^^j) 

i=l i=4 

we obtain: 

Sn+i-1, A2-O, Si+B2 = A3/Ai, S, -A,+i/Ai, 3<i<n-l. 
Similarly, from 

n n 

-Aid - Y^ AiC, = -e'l = [e[,x'] = -Aid + (AiSi - 2A3)e3 + ^ (BiAj_i - {i ~ l)A,)e, 



i=3 



i=4 



we obtain: 



Bi=A3/Ai, A^ ,. ' ^\ ] , 4<i<n, 



consequently 

S2-O, 

Consider the product [62 , x'] , namely: 



(z - 2)Ai 



A, - ^ 



(* - 2)!A1- 



i-3 



, 4 < i < n. 
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[e^,x']= [^162 + ^363 + V- 



A\ 



A. 



'-ti^-2)\A\-' "A 



-ei + X 



j\2 



64 



1=4 



E 



Atr^ . . _ ^Ai^\i~i) 



A, t^(*-3)Ul- 

-^162 - ^363 - ^64 - 2J 



i-3 



a - Aie2 + AirjCn - 2^363 - V" — 



Ti(*-2)U1- 



i-3" 



.i~2 
^3 



2Ai 



i=b 



{z-2)\A\ 



i-3'^' 



Airi 



A 



i=4 
n-2 



(n-2)!Ai" 



n-3 y^" 



On the other hand, we have 



^2 " j^i-2 

[e'^,x'] = -e'2 + 7]'e[^ = -^162 - ^363 - ^64 - 2_. 7^ ^TTI^e, + V^r'e^^ 



2Ai 



(* - 2)!A1- 



Therefore, the parameter rj' satisfies the relatfon 77' = — ;7:r2''7- 

If ry = 0, then ry' = 0. If ?y 7^ 0, then choosing Ai such that A"^'^ = r/, we conclude 77' = 1. Thus the 
algebras i?i(a), for a e {0, 1}, are obtained. 

Case 2. Let ai = 0, a2 7^ 0. Then making the following change of basis 

ri-l 



we can assume that [a;, ei] = /32 62- 
From the identity 



we derive 



[x, [a;,ei]] = [[x,x],ei] - [[x,ei],x] 



ri ri 71— L 

= ^(5i_iei - I32[e2,x\ = ^^j-ie^ - /32 f ^ a^ e^ + /3e„j , 



1=3 



i=3 



1=2 



consequently, /32 = 0, (5i = 0, 2 < i < n — 1. 
Making the change of basis 



a2 



we can assume that [a;, a;] = 0. 

Summarizing, we obtain the following table of multiplication of the algebra in this case: 



( [ei,ei] =63, 



[ej,ei] = Ci+i, 



2 < i < n- 1, 



1=2 2=2 

n 



3<i <n. 



Now we shall study the behaviour of the parameters in this family of algebras under the general 
change of basis in the form ^ . 
Then the equalities 

n n 

= [x', e[] = [^ 5^e, + Bn+ix, Aid = ^1 ((^i + ^2)63 + JZ ^^-i^ 

j=l i=4 



imply Bi = -B2, Bi^Q, 3<i<n-l. 
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Now we shall express the product [e']^,x'] as a linear combination of the basis {ei, 62, . . . , e„,x}, 
namely: 



[e[,x'] = I y^ Aje^, Biei + B^+ix 

n 



e 

n— 1 n n 

Bn+1 I Ai ^ QfjCj + -^2 f ^ aiei + ^e„J + X! ^* X! ":'-i+2'5i 

«— 2 i—2 i—3 j—i 



Bi (Ai + ^2)63 + J2 BiAi^it 



i=4 
n n— 1 n z 

Bn+iAi ^ a^e, + -B„+i A2 ^ a^ei + B„+i A2/3e„ + Bn+i ^ ^ AjQ;j_j+2ei 

i—2 4—2 4—3 ji— 3 



B„+i(^i + ^2)^2 62 + (^(^1 + A2){Bi + B„+ia3) + S„+iA3a2 ) 63 

n— 1 i 

+ Y^ (BiA^.i + B„+i(Ai + A2)a^ + YB^+iAja,^j+2 



--A j=3 

n 

BiAn-l + Bn+i (Aian + A2I3 + ^ Aian-i+2j ) e„ . 



i=3 

On the other hand 



[e;,x']=^a^e: = ^a^Al-2((yli+A2)e,+ ^ ^l 



lj-i+2ej 



i=i+i 



z^2 «^3 j^3 

n z 

= a'2{Ai + ^2)62 + (Ai(Ai + A2)a'^ + ^34)53 + ^ (a^^i^^^^^ + ^2) + XI ^r^^j"i-j+2yc* ■ 

i=4 j=3 

Comparing coefficients at the basic elements in both combinations, we obtain the following relations: 

a'2{Ai + A2) = Bn+i{Ai + A2)a2, 
AiiAi + A2)a'3 + A3a'2 = (Ai + A2){Bi + B^+ia^) + B„+iA3a2, 

i i 

a',A\-^{Ai + A2) + X A\-^ Aja'^_j^2 = BiAi^i + S„+i(Ai + A2)ai + ^ Bn+iAjai^j+2, 
3=3 3=3 

4 < z < n - 1, 



A'l ^a'„{Ai+A2) + YA'^ '■'Aja'^_.j^2^BiAn-i+Bn+i(Aian+A2p + YA 

j=3 i=3 

The simplification of these relations implies the following identities: 



, D / Bi + a^Bn+i , Bn+ia^ ,^.^ _, , (a„Ai + /3A2)-B„+i 

a,^B^^,a2, a, = , a, = ^^, 4 < ^ < n - 1, a„ = —^^^^——-- . 

Analogously, considering the product [e2,x'], we get the relation: 
and 

r / n _ {(3Bi — anBi — a2Bn)Bn+l 

^"^ ' "" ^ " Ar\A,+A2) '"■ 
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Since [a;',x'] = 0, then _B„ = — . 

Setting Bn+i — l/a2 and Bi = — a3/a2, then we derive that a2 = 1, a'^ — 0. 
If ^ = and a,i — 0, then fH' — and we obtain the algebra R2{a4, ■ ■ • , a„-i, 0). 

An — 2 

If /? = and a„ ^ 0, then putting A2 = — 30 — , we have a^ = 1 and so we obtain the 

a2v4" 

algebra i?2(a4, ■ • ■ , ««-!, !)■ 
If /3 7^ 0, then choosing 

V "2 P 

we obtain /3' = 1, a^ = and the algebra R^^a^, . . . , a„-i). □ 

Now we shall consider the case when the dimension of a solvable Leibniz algebra with nilradical F^ 
is equal to n + 2. 

Theorem 4.3. R does not exist any in + 2) -dimensional solvable Leibniz algebra with nilradical F^. 

Proof. From the conditions of the theorem, we have the existence of a basis {ei, 62, . . . , e„, x, y} such 
that the table of multiplication of F^ remains. The outer non-nilpotent derivations of -F^, denoted by 
'R'x.pi and T^y.pi , are of the form given in Proposition 14.11 with the set of entries {at, 7} and {f3i, S}, 
respectively, where [ei,x] = Ti-x^^i (ei) and [e,;,y] = ^^,^1 (ei). 
Taking the following change of basis: 

,132 a2 , /3i ai 

^= — ^ IT^ a ^y^ y= R ^^+ — R irV' (^) 

aiP2 — a2Pi aiP2 — 01.2P1 aiP2 — a2Pi aiP2 — a2Pi 

we may assume that ai = j32 — 1 and a2 ~ Pi =0. 
Therefore we have the products 

n n— 1 n 

[ei,x\= ei+'^aiEi, [e2,x] = 62 + ^ aie^ + 7e„, [e^, a;] = (i - l)ei + ^ aj_i+2ej, 3 < i < n, 

z— 3 i=3 j— 2+1 

n n— 1 n 

[ei,2/] = 62 + ^/3iei, [62,2/] = 62 + ^ /S^ej + (Se„, [ei,j/] = e,, + ^ /3j_j+2ej, 3 < i < n, 

i— 3 i— 3 j— i+1 

Applying similar arguments as in Case 1 of Theorem 14.21 and taking into account that the products 
[ei,y], [e2,2/], [ei,y] will not be changed under the bases transformations which were used there, we 
obtain the products: 

[ei,a;]=ei, [e2,x] = 62 + 7e„, [a^x] = {i - l)ei, 3 < i < n, [x, ei] = -ei. 

Let us introduce the notations: 

n n n n n 

[y,ei]^^Viez, [y,e2] = ^0,e,, [y,y]^'^ne^, [x,y] ='^aie^, [y,x]^^pie,. 

i—l i—1 i— 1 2—1 2—1 

From the Leibniz identity 

[ei,[y,ei]] = [[ei,y],ei] - [[ei,ei],2/] 
we get 771 = 0. 

n-l 

Note that we can assume [y, ei] = 77262 (by changing y' ^ y — Y^ rji+iei)- 

2=2 

Due to 

[y, [61,62]] = [[y,6i],62] - [[y,62],6i] 

we obtain 6*2 — —Oi, 6i — 0, 3<z<n— 1. 

Since [6i,[2/,62]] = [[ei,j/],62] — [[61,62],?/], then we have 9i = 62 = 0. Moreover, the Leibniz 
identity [yi, [27,62]] = [[2/,y],e2] - [[27,62],?/] implies that 6'„ = 0, i.e., [27,62] = 0. 

From the following chain of equalities 

= ??2 [27, 62] = [2/, 7/262] = [2/, [y, 61]] = [[27, y] ,61] - [[2/, 61] , y] 

n n n — 1 

= (ti +r2)e3 + ^Tj_iei -r/2[62,2/] = (n +T2)63 + ^ri_i6i -772(62 + ^ fte^ + (5e„J 

2=4 2=4 2=3 
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we derive that 

772 =0, T2 = -Tl, Ti = 0, 3 < i < 71 - 1. 

Therefore, we have [y, ei] = and [y, y] = tiCi — Tie2 + TnCn- 
Consider the Leibniz identity 



[a;j2/,ei]] = [[a;,y],ei] - [[x,ei],y] 



then we get 



-62 - ^Ae* = (fTi +0-2)63 + y^o-je^+i. 

i—3 i— 3 

Thus, we have a contradiction with the assumption of the existence of an algebra under the condi- 
tions of the theorem. D 

4.2. Solvable Leibniz algebras with nilradical Fj^. 

In this section we describe solvable Leibniz algebras with nilradical F^, i.e. solvable Leibniz algebras 
R which decompose in the form R = F^® Q. 

Proposition 4.4. An arbitrary derivation of the algebra F^ has the following matrix form: 

(a\ a2 as 04 ... a„_i a„ \ 

0/300 
2ai a-i 
3ai 



D 



\0 







"n-l 



Oin-2 
an-3 



7 

OLn-2 



(n-l)ai/ 



Proof. The proof follows by straightforward calculations in a similar way as the proof of Proposition 
EH D 

Remark 4.5. It is an easy task to check that the number of nil- independent derivations of the algebra 
F^ is equal to 2. 



Corollary 4.6. The dimension of a solvable Leibniz algebra with nilradical F^ is either n + 1 or n + 2. 

Theorem 4.7. An (n + \)- dimensional solvable Leibniz algebra with nilradical F^ is isomorphic to 
one of the following pairwise non-isomorphic algebras: 



Riia) 



i?2(a) 



i?3 



i?4(a) : 



[ei,ei] = e,+i, 3 < i < n - 1, 

[ei, x] = -(i - 1) Ci, 3 <i <n, 

[x,x] = ae2, a e {0, 1} . 

[ei,ei] = Gi+i, 3 < i < n - 1, 

[a, x] = -{i - 1) Ci, 3 < i < n, 

[e2, a;] = ae2, a 7^ . 

63, [ei,ei] = Gi+i, 3<i<r7,-l, 

ei, [ei,x] = -(i - l)ei, 3 < i < n, 
[a;,ei]=ei, [63, x] = (1 - n) 62 + e„ . 

[ei,ei] = e^+i, 3 < i < ti- 1, 

[ci, x] — — (i — 1) e^, 3 < i < n, 

[e2,x] = -a 62, Of 7^ 1, 





[ei,eij = 63, 



[ej,eij = ei+i, 



3 < i < n- 1, 



i?5(a) : 



[ei,.T] = — ei — ae2, a £{0,1}, [e,;, x] = — (i — 1) ei, 3 < i < n, 

[x, ei] = ei +ae2, [e2,a;]=-e2. 



[x, 62] = 62 
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[ei,ei]=e3, [e^, ei] = e^+i, 3 < i < n - 1, 



Reia3,aA,- ■ • ,««, A,5) : < 



X = 
71 



[ei,x] = ^a^e^, [e^,x]= ^ aj^^+2ej, 3<i<n-l, 

i—3 j—i+1 

[x,x] = Ae„, [62, a;] = 62, 

[x,e2] =Se2, S e {0,-1}. 

In the algebra i?6(a3, (24, • • ■ , ««, A, S) the first non vanishing parameter {as, 04, . . . , a„. A} can be scaled 
to 1. 

Proof. Let i? be a solvable Leibniz algebra satisfying the conditions of the theorem, then there exists 
a basis {ei, 62, ... , e„, x}, such that {ei, 62, ... , e„} is the standard basis of F^, and for non nilpotent 
outer derivations of the algebra F^ we have that [e^, a;] = TZ^, 2 {^i)^ 1 5[ * < ?*, 
Due to Proposition 14.41 we can assume that 

n n 

[ei,x] = ^ttiCi, [e2,x] = ^262 + /3„e„, [ei,a;] = (i - 1)q;i e^ + ^ Q:j_i+2ej, 3 < i < n. 

i— 1 J— 2+1 

Let us introduce the following notations: 

n n n 

[a;,ei] = ^7iei, [a;, 62] = ^(5i e^, [a;, a;] = ^ Ai e^. 

z— 1 i— 1 i— 1 

Considering the Leibniz identity for the elements {ei,a;, a;}, {ei,x, ei}, {a;, 62,61} we obtain Ai = 
0, 71 — —oti and [a;, 62] = ^262 + SnCn- By setting 62 — (5262 + (5rien we can assume that [a;, 62] — Se2- 
Now we distinguish the following possible cases: 
Case 1. Let ai j^ 0. Then the following change of basis 

1 1 " 1 " 
— X, 61 = 61 H V" 7j6j, 62 = 62, 6 ■ = 6j H y^ l3-i+2 ej, 3 <i <n, 

j=3 '-^ i=i+l 

implies that [a;', e'^] = e'l + 762 (where 7 = — ) and the rest of products remains unchanging. 
From the equalities: 

n n 

ei +7(1 + S)e2= [x, [x,ei]] = [[a;,a;],ei] - [[a;, 6i],x] = ^Ai_i6j - ^ a^ e^ -7/3262 - 7/3« e„ 

i=4 i=l 

we deduce that 

ai = -1, as = 0, a2 = -7(1 + 6 + /^2), A^ = a^+i, 3 < i < n - 2, and A„_i = a„ + 7/3„ . 
In addition, if we take the following change of basis: 

n n n—1 

e'i= ei+^Aid, 63 = 62, 6 ■ = 6i + ^ Aj_i+2 Cj , 3 < « < n, x' = ^Ai+iei + B Cn + x, 

i=4 j=i+2 i=3 

1 1 '-2 I 

where ^j = -a^, j = 4,5, A^ = - — -[a., + J2 ^jai-j+2), 6 < i < n and B = -(A„ + 

n-l 

J2 ^j'^i-j+s)^ then we have 

[e'l, a;'] = -61+0262, [e2,x'] = ^2 e2+/3n e^, [a;', a;'] = A2 e2+7/?„ e^_i, [6-,x'] = -(i-1) 6-, 3 < i < n. 

Finally, we obtain the following table of multiplication of the algebra R: 

[ei,x] = -61 -7(1 + S + I32)e2, [62, a:] = /32 62 + /?«6„, 

[a;,ei] = 61 +762, [6i,a;] = -(i - 1) 6i, 3 < i < n, 

[a;, 62] = (562, [a;,a;] = A262 +7^„6„_i . 

Considering the Leibniz identity for the elements {a;, x, 62}, {a;, x, a;}, {a;, 61, a;}, we obtain: 

<5/3„ - S{S + P2) - '5A2 - i5{5 + h) - 0. 

Notice that if 62 G Annr(i?), then dim Annr(i?) — n — 1 and if 62 ^ Annr(i?), then dim Annr(i?) = 
n-2. 

Now we analyze the following possible subcases: 



CLASSIFICATION OF SOLVABLE LEIBNIZ ALGEBRAS 17 

Case 1.1. Let 62 G Annr(i?). Then 6 = and making the change e'j^ = ei + 762 we can assume 
that [x, ei] = ei. 

In this case, we must consider two new subcases: 

Case 1.1.1. Let 62 € Center(i?). Then dim Center(i?) = 1 and 1^2 ~ Pn = 0. Then we have two 
options: if A2 = 0, then we get the spht algebra -Ri(O); if A2 7^ 0, then we obtain the algebra i?i(l) by 
scaling the basis. 

Case 1.1.2. Let 62 i Center(i?). Then dim Center(i?) = and (/32,/3„) 7^ (0,0). 

Let us take the following general change of basis: 

n n n n 

e'l^^AiCi, e'2 = '^Biei, e'^ = A\^'^ (Aiei+ "^ Aj-i+2 eA 3 < i < n, x' = y^Ci ej + d+i x, 

i—l i—1 j—i-\-l i—1 

where {A1B2 - A2Bi)Cn+i + 0. 

From = [cj, e'-^ = [eg, e'g], we obtain that B\ =0^ Bi = 0, 3 < i < n — 1, i.e. e'j = i?2 62 + i?„ e„ 
and A1B2 ^ 0. 

The equalities 

n 

e[ = [a;', e[] = AiCi 63 + ^ AiCi_i e^ + AiC„+i ei, 

imply that 

C„+i = l, ^2=0, A^^AiCi, A, = Aia-i, A<i<n. 
Similarly, from 

B2p'2 62 + (B„/3^ + /3Ur ') e„ = /3^ e^ + /^^ e^ = [e'2, x'] - ^2/32 £2 + (S2/3„ - (n - 1)B„) e„, 
and 

A^B2 62 + A'2S„ e„ = A'2 6^ = [x\ x'] = (A2 + C2/32) 62 + (Ci^ - 2C3) 63 

n-1 

+ J2 (GiG»-i - (* - 1)^0 e* + (CiC„-i - (n - 1)C„ + C2/3„) 6„ 

i=4 

we obtain Ci = 7 rrC*!" , 3 < i < n — 1 and 

„ _ B2pn - B^{P2 + n-l) _ A2 + P 2C2 

A--' ' '" B2 

Now we must distinguish two subcases: 

Case 1.1.2.1. Let /32 = 1 - n. We put C2 = - 1^, C'n = '^''^"„i't^'^" , then we get A^ = and 

If I3n ~ 0, then we get the algebra i?2(6i;) for a = 1 — n. 

If Pn 7^ 0, then making Ai = " \//3ti-B2, we obtain j3'^ = l and the algebra i?3. 

Case 1.1.2.2. Let /32 7^ 1 — n. Taking the change _B„ = „ +n-i ^ ^^ obtain (3„ = 0. Since /32 7^ 0, 

we set C2 = ^'t^i ^« — ^ "n-i ^ ^^'^ ^^ S^* ^^2 = 0, i.e., the algebra -R2(ci:) is obtained, for 
ai{l-n,0}. 

Case 1.2. Let 62 ^ Annr(i?). Then (5 7^ and /32 = -(5,;0„ = A2 = 0. 

Let us consider the general change of basis in the following form: 

n n n n 

e'l^^Aid, e'^^'^BiCi, e'^ = A"--^"^ [Ai ei+ '^ Aj-i+2 6^), 3 < z < n, x' ^y^Cj Cj+Cn+i x, 

i—1 i—1 j—i-\-l i—1 

where {A1B2 - ^2Bi)C„+i 7^ 0. 

Then from = [e'g, e[] = [e!,, e'j], we derive that Bi = 0, Bi = 0, 3 < i < n— 1, i.e. e'g = ^2 62+Sri 6„ 
and A1B2 7^ 0. 

Similarly, from the equations: 

n 

e'l + 7' 62 = W, e[] = AiCn+i 61 + C„+i(Ai7 + A2S) 62 + AiCi 63 + ^ AiC\-i e, 

and 

<5'(B2 62 + B„ 6„) = 5' e'2 - [x', e^] = ^2(5 62 



P2 — P2, Pn — 7;iri 1 -^2 — 5 1 A2-D„ — OlO„-l — (n - ijG„ + 02P„ 



18 J. M. CASAS, M. LADRA, B. A. OMIROV AND I. A. KARIMJANOV 

we obtain 

Cn+i^l, A3 = AiCi, A, =AiC,_i, 4<i<n-l, 

, Ai-f + A2{5-l) /1,'R x'A A'Rn 

7 = 75 , AiCn-l = An + ^ Bn, d = d, OBn^VI- 

D2 

Now we distinguish the following two subcases: 

^i7 
Case 1.2.1. Let 6 ^ \. Then by the substitution A2 = —- — -, An = A\Cn-\ into the above 

— 1 

conditions, we get 7' = and the algebra Kt^ia). 

Case 1.2.2. Let (5 = 1. Then _B„ = 0. In the case of 7 = 0, we get 7' = 0. In the case 7 7^ 0, by 
putting B-i = Aij and A„ = AiCn-i — B^ we get 7' — 1. Thus, the algebras R^{a), a E {0, 1}, are 
obtained. 

Case 2. Let ai — 0. Then /32 7^ and by replacing x hy x' = — x, we can assume [e2,x'] = 

P2 
62 +/3ne„. 

Under these conditions, the table of multiplication of the solvable algebra R has the form: 

n 

[ei,x] = ^aiei, [62, a:] = 62 + ^„ e„, 

i=2 
n n 

[x, ei] = ^7iei, [ej,a;]= ^ Q;j_j+2ej, 3 < i < n - 1, 

i=2 J=«+l 

n 

[x, 62] =5 62, [x, x] = y^ Aj Cj . 

i=2 
n-1 

Making the transformation a;' = a; — 73 ei — ^ 7i+i Cj, we can assume that [a;,ei] = 762. 

i=3 

Similarly as above, we obtain the conditions: 

7((5 + 1) = a2(5 - 7 = /3«(5 = 5{5 + 1) = A2(5 = 0. 

Now we distinguish the following subcases depending on the possible values of the parameter S: 
Case 2.1. Let S y^ 0. Then dim Annr(i?) = n — 2 and /3„ = A2 = 0, S = —1, a2 = —7. By means 

of the change of the basic element e'l = ei + 762, we can suppose that [x' , ei] — 0. 

Taking the general change of bases as in the above considered cases, we derive the conditions for 

the parameters under the following basis transformation: 

6 < t < n, A„ 



Consequently, we deduce the algebra Re^as, a^, . . . , a„. A, —1). 

Case 2.2. Let (5 = 0. Then dimAnnr(i?) — n — 1 and 7 = 0. Taking the change of basis 
^2 = 62 + /3„ e„, we can assume that [e2, x] = 62 and by the change x' = x — A2 62, we can also suppose 
that [x,x] = A„ e„. Therefore, we have the products 

n n 

[ei,x] = ^a^ei, [e2,x]=e2, [ei,x]= ^ <3:j-i+2 e^, 3 < i < n - 1, [x, x] = A„ e„. 

i=2 i=i+l 

Applying similar arguments to general transformation of bases, we have 

Thus, we obtain the algebra i?6(a3, 04, . . . , (a!„. A, 0). D 

Theorem 4.8. yln arbitrary {n + 2) -dimensional solvable Leibniz algebra with nilradical F^ is isomor- 
phic to one of the following non isomorphic algebras: 

[ei,ei]=e3, [e^, ei] = e^+i, 3 < i < n - 1, 

Li : { [ei,x]=ei, [a;,ei]=-ei, 

[e2,y] = -[^,62] = 62, [ei,x] = (i- l)ej, 3 < z < n. 



Proof. Let 
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{[ei,ei]=e3, [e^, ei] = Ci+i, 3 < i < n - 1, 

[ei,x] = ei, [x,ei] = -ei, 
[e2,y]=e2, [ei,x]== {i-l)e„ 3<i<n. 



( a\ 0L2 OL-j, a4 
0/300 
2ai aa 
3ai 
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An-1 




An-3 
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yO ... (n-l)Ai/ 

be two nil independent outer derivation of the algebra F"^. 

Taking the change of the basic elements x, y similar to (|3]), we can assume that a\ 
/3 = 0. 

Thus, we have the products: 



ei,a; 



ei 



1=2 



QfiCi, [e2,a:J 



7 6,. 



j=j+i 



si>2/] ^^AiCi, 



[e2,y] = 62 + i'e„, [ei,2/]= ^ Aj_i+2ej, 

i=i+l 



^ = 1, Ai 



3 < i < n, 



3 < i < T7-. 



Applying similar reasonings and changes of bases which we have used in Theorem 14.71 we obtain 
isomorphism classes of algebras whose representative elements are the L\ and i2- D 

Remark 4.9. In fact, the algebra Li is a direct sum of the ideals (NFn-i + (x)) and (e2, y) , where the 
sum NFn-i + (x) is a solvable Leibniz algebra with nilradical NFn-i and (e2,y) is a two-dimensional 
solvable Lie algebra. The algebra L2 is a direct sum of the ideals {NF„^i + (x)) and (e2,y), where 
(e2,y) is a two-dimensional solvable non-Lie Leibniz algebra. Thus, from Theorem \4-S\ we conclude 
that any (n + 2) -dimensional solvable Leibniz algebra with nilradical F^ is split. 
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